20 I SYDNEY BOYS HIGH SCHOOL

TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

Mathematics Extension 2

General Instructions Total marks — 100

+ Reading time — 5 minutes Pages 2-6

*  Working time — 3 hours 10 marks

*  Write using black pen * Attempt Questions 1-10

* Board-approved calculators may be used + Allow about 15 minutes for this section

» A reference sheet is provided with this paper
Pages 7-15

e Leave your answers in the simplest exact form,
Y P 90 marks

unless otherwise stated _
+  All necessary working should be shown in * Attempt Questions 11-16
every question if full marks are to be awarded * Allow about 2 hours and 45 minutes for this

» Marks may NOT be awarded for messy or section
badly arranged work

* In Questions 11-16, show relevant
mathematical reasoning and/or calculations

Examiner: External



Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 The complex number X + iy, where X and y are real constants, is represented in the following diagram.

Imyz)
I\

> Refz)

Which of the following (drawn to the same scale) could represent the complex number IX—Y ?

A. Im(z) B. Im(=)
A A
L ]
> Refz) > Refz)
L]
C D.
Imyz) Imyz)
I\ I\
> Refz) > Refz)




2

Below is the graph of y = f(x).

Which of the following could be the graph of |y| =,/f (X) ?

B.




The polynomial P(x)=2x> —9x* +12x+k has a double root.
What are the possible values of k?

A. k=4or5
B. k=—4or -5
C. k=—4or5

D. k=4or -5

2018
If @ isacomplex cube root of unity of least positive argument, what is the value of (1 + —j ?

w
AL
w
B. w
C. 0
D. 1
T
. o : 2 dx , _ X
Which of the following is equivalent to —— using the substitution t = tan— ?
0 3—cosX+sinX 2
NG
A. P —— a
Jo 2t° +t+1
v
(> 2dt
Jo 4-t7 -2t
rl
dt
C. S
Jo2tT +t+1
rl
2dt
D. 412 Ay
Jod—-t" -2t




P(x)= x> —ix? +2x -1 has roots @, 8 and 7. What is the value of &> + 8> + 7> 2

A. 3+i
B 3=
C 1+1
D 1-7

The shaded region bounded by the curve X = y2 and the line X =4 is rotated about the line Y =4.

Which of the following gives the expression for the volume of the solid of revolution using the method
of cylindrical shells?

r2
A. 2z | xydy
J2
r2
B. 2| (4-x)(4-y)dy
J2
r2
C. 47| xydy
J0
r2
D. 4| (4-x)(4-y)dy
Jo



10

A horizontal force of P newtons causes a mass of m kg moving in a straight line to accelerate.

The total resistance to the object’s motion is kv? newtons per unit mass, where v is the speed
of the object in m/s and K is a positive real constant. What is the equation of motion of the
object?

A m%:P—kv2
dt
B N _p 2
dt
C mﬂzP—mkv2
dt
D ﬁ=P—mkv2
dt

Caleb has a jar of coins. There are ten coins each of 5 cent, 10 cent, 20 cent and 50 cent
denominations. Caleb asks his friend Declan to choose eight coins from the jar.
In how many ways can Declan choose the eight coins?

A8
B 40¢,
C g,
D c,

f (X) is an even function. Which of the following is not necessarily true?

C. L’;‘af(x)dx:j(?f(a—x)dx+fjaf(2a—x)dx

D. jjaf(x)dx =I§f(a+x)dx



Section II

Total marks — 90

Attempt Questions 11-16

Allow about 2 hour 45 minutes for this section.

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11 to 16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

> - in the form X +1y.

a Write
@ 2—4i

) 5
(b) Find the real and imaginary parts of (I +3 ) .

(©) Points A and B are representations in the complex plane of the numbers z =1—1i

and W= —/3 = 3i respectively. O is the origin.
€)] Find the size of angle AOB, expressing your answer in terms of 7.

(i1) Calculate the argument of zw, again giving your answer in terms of 7.
(d)  Consider f(x)=x"+2x>+2x>+26x+169.

The equation f(Xx)=0 hasaroot x=2-3i.

(i)  Express f(x) asa product of two real quadratic factors.

(i)  Hence, or otherwise find all the roots of f(x)=0.
(e) 6)] On a single Argand diagram, sketch the following loci:
(o) |z-3i|=2
(B) arg(z+1) =%

(i)  On your diagram, shade the region where |z —3i| <2 and arg(z+1) < % .

(iii))  Indicate on your diagram, the point A on the locus |Z — 3i| =2 with the least

argument and find this minimum argument.

g



Question 12 (15 marks) Usea SEPARATE writing booklet.

(2)

(b)

(©)

dx

\/2+2x—x2 .

Find

Consider the curve 2x° + y3 =5Yy.

2
()  Showthat Y = %X
dx 5-3y?

(i1) Find the y-coordinates of the points where the curve has a horizontal tangent.

In the Argand diagram below, the point A represents the complex number z,
and the point B represents the complex number z, .

C is chosen such that OA = %ﬁ and D is chosen such that CD = %@ .

b Im(2)

DIAGRAM
NOT TO
c SCALE

» Re(2)

Find AD in terms of Z; and z, giving your answer in simplest form.

You must show all working.

Question 12 continues on Page 9



Question 12 (continued)

(d)

(e)

X2 +mx—n

Consider the curve @. y =
X+3

(1) Show that if @ has two stationary points, then N <9—-3m.

(i1) Sketch the graph of @ for m=2 and n =1, clearly showing where the
asymptotes intersect the coordinate axes.
You do not need to find the stationary points.

The graph of y = f(X) is shown below.

Draw a neat sketch of the following on the sheet provided

M y="*(x)

(i) y=sin'(f(x))

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) The equation x> +2x% +X+3 =0 has roots &, £ and . Find the values

of p, g and r such that x> + px> + qx+r = 0 has roots af3, By and y« .
(b)  Find Jtan3 0 do.

() The diagram shows the region bounded by the curve y = (X + 2)2 and
the line y =4-X.

Find the volume generated when this region is rotated about the y-axis.

1
X"

(d) Consider the integral |, = J dx.

o V1I=X

()  Find I, .

i) Show that I, — 1 = [ x"1\/I—xdx .

. . 2n
(1)  Use integration by parts to show that I, = il I -
+

(iv)  Hence, evaluate 15.

10—



Question 14 (15 marks) Usea SEPARATE writing booklet.

(a)

(b)

(©)

A toy car of mass 0.4 kg is set in motion with an initial velocity of 1 m/s.
The resultant force acting on the car is 2 —4v newtons, where vV m/s is the
velocity of the car t seconds after it is set in motion.

Find how long it takes for the car’s velocity to reduce to 0.55 m/s.

6)) Use De Moivre’s Theorem to solve the equation =4+ 4\/§i .

(i1))  The roots of the equation 23 = —4+43i are represented by the points
P, Q and R. Plot the roots on an Argand diagram and find the area of

triangle PQR, giving your answer in exact form.
(iii) By considering the roots of the equation 23 =4+ 43 , show that

27 4 T
COS— +COS— = COS—
9 9

The diagram below shows the graph of y = for 0 <x<1.

X
V2 -x
Rectangles of equal width are drawn as shown, in the interval between

X=0 and x=1.

A
.‘l' 4

LR

(=]
| 2
| s
-
|
)
-
St

!

=
~

1

(1) Show that the total area of all the rectangles is given by

S= ! { ! + 2 + 3 + +JL}
nnl+v2n-1 V2n-2 2n-3 7 n

(i1) As n increases, the width of the rectangles decreases.

Find lim S, the limiting value of the total area of all rectangles.
Nn—o0

—11 =



Question 15 (15 marks) Use a SEPARATE writing booklet.

(a) Find I x* In xdx .

(b) (1) Prove that a+b > 2+/ab fora, b>0.

(i1))  Hence, or otherwise, find the minimum value of the function

12x% sin? x + )
f(X)zL3 over the domain 0 < X < 7 .

Xsin X

(©) AB and CD are perpendicular chords intersecting at X.
M is the midpoint of AD. MX produced intersects BC at N.
Show that MN is perpendicular to BC.

C

Question 15 continues on Page 13

—12 -



Question 15 (continued)

(d)

(e)

6)] Explain why there are only two distinct ways to paint the faces of a cube
such that three faces are red and three faces are blue. Rotations that result in
the same colouring pattern are not considered distinct colourings.

(i1))  Find the number of ways to paint the cube, if each face is painted in one of
two colours: red or blue.

The base of a solid is an equilateral triangle of side length 10 units.
Cross-sections perpendicular to the base and parallel to one side of the triangle
are trapeziums with the longer of the parallel sides in the base as shown.

The lengths of the two parallel sides of the trapezium are in the ratio 2: 3 and
the height of the trapezium is bounded by a plane inclined at 60° to the base.

By considering the volume of a typical slice shown, use integration to find
the volume of the solid.

End of Question 15

13-



Question 16 (15 marks) Use a SEPARATE writing booklet.

(2)

(b)

3 dN 7 3
Consider S, (x)= e* d_n(e X j, for integral n > 1.
X
(1) Find S;(x) and show that S, (x) = 9x* —6x, for integral n > 1. 1
(i)  Use mathematical induction to prove that S, (X) is a polynomial in X. 2
(ii1))  Write down the degree of this polynomial and the leading coefficient. 1

A skydiver jumps from an airplane and free-falls before opening his parachute.
The speed v of a skydiver t seconds after he opens the parachute can be modelled by
the equation
dv 2 2
= (v -p%).
where p is a constant that depends on the type of the parachute, the mass of the skydiver
and gravity.

(1 + Ae~? pkt)

(1) Show that the velocity of the skydiver is given by V(t) = pm , 3
1-Ae”

where A is a constant.

(i1) If the skydiver is falling at the rate of 10 m/s at the instant he opens 1
the parachute, find the constant A in terms of p.

(iii))  For a particular skydiver, it is known that p=35. 1
Find the speed of the skydiver in terms of k and t.

(iv)  Find the terminal velocity of this skydiver. 1

Question 16 continues on Page 15

— 14—



Question 16 (continued)

(©

Consider f (X) =e¥ (1 e ) .

(1)

(i)

Show that f '(X) > 0 and, by sketching the graph of f (X) or otherwise,
explain why e* (l + X2) =k, where K is a constant, has exactly one real root

if kK >0 and no real roots if kK <0.

Hence or otherwise, find the number of real roots of the equation
(ex —l)—ktan_1 Xx=0

when 0 <k < 2 and when 2 <k <1 clearly justifying your answer.
7T 7

End of paper

— 15—
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SECTION | MULTIPLE CHOICE SOLUTIONS
1 The complex number X + 1y, where X and y are real constants, is represented in the following diagram.

Imiz)
/]

> Re(z)

Which of the following (drawn to the same scale) could represent the complex number X — Y ?

A. Im(z) Im(z)
/

= Re(z) > Refz)

Im(z) Imyz)

IX—y=Ii(X+1iy)

iz is represented by rotating the point represented by Z anticlockwise by 90°.

A 0
B 116
C 0
D 2




2 Below is the graph of y = f (x). A 0
B 2

C 5
y D 111

Which of the following could be the graph of |y| =,/f (X) ?

A. B.

4
Ais |yl=f(x),y=0 )
Bis |y[]= f(X)

Cis y=4f(x)




The polynomial P(x)= 2% —9x% +12x + k has a double root.
What are the possible values of k?

A. k=4or5

k=—-4or -5 A :

B 107

C. k=—4or5 C 5
D 2

D. k=4or -5

P'(x)=6x>—18x+12
=6(x%>—3X+2)
=6(Xx—1)(x—-2)

If X =« is a double root then P(a)=P'(a)=0
P(x)=0=>x=1or 2
P(H)=2-9+12+k=0=k=-5
P(2)=16-36+24+k=0=>k=—4

2018
If @ isacomplex cube root of unity of least positive argument, what is the value of (1 +—j ?
@

. T
@ B 30
B. [0 C 6
D 16
c. 0
D. 1

If @ isacomplex cube root of unity then 1+ @ + ®w?>=0and > =1.
Aswell, 0 ' =@ =w?.

2018
1 2018
(1 +—) = (l + wz) = (—m)2018 =Pt =0
[0



v

dx X
Which of the following is equivalent to fz ——— using the substitution t = tan— ?
0 3—cosX+sinX 2
E
2 dt
A. 22—
Jo 27 +t+1
VA
B (2 2dt A 2
' Jo 4—-t2 -2t B J
C 111
b dt D 5
Jo2t? +t+1
rl
D. 2dt g 1
Jod—t2 — 2t jz dx _ 1 ><2dt
y 0 3—cosX+sinX 3_1_'[2Jr 2t 1+12
t=tan5:>X=2tan_1t 07 2 142
2 dt
sdx=
1+t _( 2dt
X:0~Z Jo 3(1+t3) =1+t +2t
t:0~1
ot 2dt
Jo 4t +2t+2

P(x)= x> —ix2 + 2x—1 has roots @, 8 and y. What is the value of &> + 8> +5° ?

A 3+i A 15

3-7i B &

, C 5

C. 1+1 D 13
D. 1-7i

da=i; Daf=2; afy =1 Zazz(Zaj -2 af=()*-2(2)=-5
As P(a)=P(B)=P(y)=0

a®—ia? +2a-1=0 .'.2053—i2a2+22a—3=0
B —ipt+28-1=0}+

P —iy?+2y-1=0 Ly =i(=5)-2(1)+3=3-7i



7 The shaded region bounded by the curve X = y2 and the line X =4 is rotated about the line y =4.

v

+ rﬂ, v=4
: ¥ ' r=4-y

// I >
- S OV =2mrhdy
N . =27m(4-y)(4-x)0y

T— |

—~——
—

Which of the following gives the expression for the volume of the solid of revolution using the method of
cylindrical shells?

r2
A. 27| xydy
J2
) A 2
2r | (4-x)(4-y)dy B 87
J -2 C 2
& D 27
C. 4z | xy dy
J0
r2
D. 4| (4-x)(4-y)dy
s 0
8 A horizontal force of P newtons causes a mass of m kg moving in a straight line to accelerate. The

total resistance to the object’s motion is kv? newtons per unit mass, where v is the speed of the
object in m/s and K is a positive real constant. What is the equation of motion of the object?

A. mﬂ: P —kv? A 22
dt B 11
C 77
dv 2
B. —=P-kv
dt D > +

dV_ 2
@ ma_P—mkv mky?2 p

p. ¥
dt

N

— P — mkv?



Caleb has a jar of coins. There are ten coins each of 5 cent, 10 cent, 20 cent and 50 cent
denominations. Caleb asks his friend Declan to choose eight coins from the jar.
In how many ways can Declan choose the eight coins?

A48
40
B. Cq
O -
D c,
A 31
B 47
C 30
D 9

Start with all the coins being identical.
With the 8 coins we need 3 dividers to separate the coins.

Coins to the left of the 1% divider become 5¢ coins.

Then to the left of the next two dividers become 10¢ and 20¢
coins respectively.

To the right of the 3™ divider become the 50¢ coins.

With 8 identical coins and three identical dividers there are

11!

TNETE ''C, ways.

For example: 5¢  10¢ 20¢ 50¢

This is the same as 2, 3, 3,0

OR

Start with all the coins being identical.
With the 8 coins we need 3 dividers to separate the coins.

Coins to the left of the 1% divider become 5¢ coins.

Then to the left of the next two dividers become 10¢ and 20¢
coins respectively.

To the right of the 3" divider become the 50¢ coins.

There are 9 positions for the first divider. Then there are 10
positions for the second divider and finally 11 positions for
the third divider.

As the three dividers are identical, divide by 3!.

="'C, ways

So there are M



10 f (X) is an even function. Which of the following is not necessarily true?

A. j_aa f (x)dx =2j§1 f (a—x)dx
B. IOZa f (x)dx =.[i)2a f (—x)dx

@ I(?a f (x)dx :I(? f (a—x)dx+jja f (2a—x)dx

D. Jja f (x)dx =_[§ f (a+x)dx A 17
B 6

a a C 56

Note .[0 f(x)dx:_[0 f(a—x)dx D 39

Jﬁa f (x)dx = I(? f (x)dx+J§a f (x)dx
- J'(? f (a—x)dx+jja f (x)dx

- J'(? f (a—x)dx+j§f(2a—x)dx
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Ext 2 Y12 THSC 2018 Q12 solutions

Mean (out of 15): 12.03

This was done quite well. A common error was
considering 2 + 2x — x? as 1 — (x — 1)? rather than
as3 — (x —1)%

0 0.5 1 1.5 2 Mean
5 5 0 17 91 1.78

Very well done.

0 0.5 1 1.5 p Mean
0 0 1 0 117 1.99

Done well in general. Some looked at 5 — 3y%2 = 0
and so were finding where the derivative was

undefined rather than being equal to 0. Some, when
solving y3 = 5y, discarded y = 0.

0 0.5 1 Mean
15 15 88 0.81

There were a few approaches used to determine the

required expression for AD.

0 0.5 1 1.5 2 Mean
28 12 14 15 49 1.19

Most were able to determine the derivative and then
consider the discriminant of the numerator to find the
required condition for the existence of 2 stationary
points.

0 0.5 1 1.5 p Mean
4 11 13 1 89 1.68



Some students did not see the relationship to part (i)
which emphasises that 2 stationary points exist for
the given values of m and n. Some did not try to find
the x and y intercepts. Identifyingy = x — 1 as an

asymptote was reasonably well done, although some
diagrams did not then sketch the graph as
approaching this line at the extremities. Consideration
of the curves behaviour on either side of x = —3
would have led to better sketches.

0 0.5 1 1.5 2 Mean
13 23 22 32 28 1.17

This was done quite well.

0 0.5 1 1.5 2 Mean
1 0 9 5 103 1.89



This was done quite well. A common error was not
including the section of the sketch associated with the
piece on the original diagram where x < —1. Other
errors were not restricting sketches to the regions
where —1 < f(x) < 1 and not restricting the range of

the sketch to — = < y< z
2 2

0 0.5 1

1.5

Mean

8 5 16

33

56

1.53




/3\0\.\ /%»’M Q%&)L"b“l wn“h'\ ’-ODT’?
ST
x B, Bd oond d
fe X a
f %_) dﬁb’ ] Oi‘dé
sihce XRY¥= -
A
7By -2
-3 =3 -
g F
et X= 2
- 3
x= T
(223 (B 3=0
N AN s
-27 +1% -2 4 3 =0
3)(3__ 3)(11—1%}( -—?_7 - O
X —x +6x-9 =0
S pz-l ,_g_f:é ,r=-9
OR
X FREF= -2 B

—

ALy = =
242 o

=
o
Se
1l
i
|




e ~ools of o4 pr *ax""'ﬂf’ ovre uf BY amo ol

T

X+ BE TAY = —b

Ca

' =-rF

2. p=—{

7

AL B + LB Y  BX ot ¥

e

2R (X 4L+ )= 9.

(Y=
- a/ - &6
LB R oLy = =
[~
(oc,@b")l = - )
(-3) = -+
r= -9
CoMMENT

M057  chiplenss haol an dea os o how o oo

sha gureSFon. Stuolenfs need 72 make sure Fhey

anSuew— She q/mejfrﬁﬁ g A Al Core ¥R a/aegm*%

b) / for B AE

- / Fai®O Foon Ol

;/ (sec’ =1 ) Foon & A8

- J (s ol Fan ) cll-

- ﬁ/f z_geczfg%cmél + —sh )a(@

(/ ) ) cosS 7




A= i%"‘ﬁ' + /V\ /COS&_/ +C

Note: Oftrer A S ey Ol /2 4

St o s é&éf’ g _ //rz ‘/5,&5,@"/ ~ C

Commens/j

AN studen tr shocdd be pble Fo ole Sl
,%%%gwfaéfcmww

\

QL":")')\k\;,j j (wr2) = 4=
At

AVE2Trh A =0 -

Av= thé}j-' (g4 m

V'E= W é 9_TC(»—>L ) (q -3 - (DL;L_YL\) O

2NN H=E—t

V= ﬂr\[c(»x )({.l-e/;n - (x"“_rtrm r%s——)dm
-5

!

Ve o f (,e?i_+_g_,tL> Ase o
& 7
T ~ 3
VE=ow | o F e
| 2 ..L;
3
C /U"\ / (:‘;S‘_f% 5_’_(_"_§) \7
Ve 2T L N ) - ( i BN / I
\ —
ve= 625 ok 7




)
(o) (55 )ay

q
B
V‘ Aﬂ:;o%‘ﬂ:
J7° g=¢
nt, L WA
iz T u/ (4t Ty - (16-8q ry))dy
uy

\[ =R Jpq(-—iz.. o -'f—\ji‘i“—c}v*fj )0’

- & 3/ - 3 —1\ (1
V = — -
= mj)r%‘v} F%\L—U :j_f—'tp
e [onfa) 8 0) + ()= (4 - (-nfe) +£ (4] e Ol JiL)J
g
v = 23T o
' 2

"Tr/(“”‘s\ (' 3) )m’l _

»TCOBHS-A +>{/ }7/))55

Y,_'; é ST ()(3 %—L) AV|

AJ >0 =0

oo e A




<
y
R
=

¥

P
G

;L W
V\

- S Y A
Vo L L) 'y //)
Y)_ = 251

3

\VAES \/’ ¥ \/L
~ 123y (281
2 =

— 65T

G

_ ComENT:

Shudem s chodd Puow fho CU}/H\O(/V!CO{/( <hell< < he

best me%ocx as AV j ,,pf/l.":r_.sw clyoes Jhe range

/WOJ'?L 57"40(@4,{5 were L oove. ot eSS "ﬂwam/_q

of vhe v/_hp&"fc\a/( s hell rs_ h 7“«01‘( \

/7(73 o r“ffvuéf a Jof ot answent p&aﬁn z‘ kol e wof’@b}

‘7%4) Yine S b //MU Aone mar

OOﬁ( ﬁ& o Wit c/eM% /a/%% /0//-//,/(

OOl a &wébm/




Uy { =
= [T 1->) "ol

Y. | @
~_

= )-— 2 1=

L

o

™\
-2 (- — <—2._J_1-(0\ /)

i

A1

Ll b

Al
) Lo, = L, = [ > o
d -
o li=1¢ UV o N (=2t

} = /7y f(//“ ’Em\),.o/(x
N

Xt

= df\/ y—n".'“L% 0(){

4 A= 1

! w T
U= J1r--t v = 2t 1
f
N !

u = - <L Vv = A

e — 2{ T3¢ —

t n

S i




b e [
= — i’\'-l
= ot 27, -1, Comn (1)

/Zf’tf—/)__/ﬂ = 2n /]
- 2
Z, = L e,
2ty o
_ 2(3)
2(3)F =
= :_?é__Il
- 6 / 2(%) I)
7\ 202)+1
cfer,) -
7 57
= éjé/ 2(H) I
Il YA T o .
e ¥ 2 S
= 32 B




CormpENT -

Ty Q/Me)740‘1 waf Aone V“Qa-sa”’o-é’é% We/é/

Even ,,[‘ “/4124-7 Cocdoler H ole ol pa-r/i 5744%%7&

//"/u&/ed u,/p MMZLS For /ﬁﬁﬂa—w]ﬁ ‘7%0-?( %‘944

Coed Ao .




Solutbtone & Commwments o K14 MeZ

(a)

(&)

—— ——
——

— o ! R
e e
(4/\:'0-4 K?/ \/:—..(m/g.
Lo"%) e = 2 —%€V\
Ay = 24V = s ev
AF Y =y

e %Zt_ 1
E = v = ‘:T‘((-_zv)

-é(—n-an,\fv\.f"[b\,? = vé\.\—-'-‘d'lef‘

(A = — e-ev_,
f o T ) A
3 = :__ ' O-% 5
" ﬁ L T’a‘ o Li—2vi]
(2] o
= } N
1o L Lo = p-23Ce.

= e M_z...w’\’—'«

Mos+— st eutc Ao we ll
This Sectten as 14— (Lol A b
TFew students |eopt it as %;(Lmo
LNO ponalty) o - ____iL_.; ﬂfw(‘_"‘f—é
L_,e/g Hhoa, Lo st et Wer=_
et able  +o separate tha_
Vq"f“"\b(-els G A L eic p A fotua
€ —Covi e ct— (\A«'l"z?/"ﬂ:l‘w—h.
©




by bei )

Selubion Commets to Qiq e 2

(b)

(%)

a,\

‘ £’ = —« « €3 4
Cry =& (== (54
424\.%;\\ g9LL~+\L7—"/\$ 6{k_€ L
%4 = 8% [C,&g (ZJ;—-\-ULT\'):{
(-e |
A = 2.L<D§(Q{<+-2)u_ */,(Lw(é‘::‘)'j]
g—ev-»l(; - o, | E
ot @y
(() —T—e,.e,_w&e.(_g A\ "r'he,\,-zfok‘q

2. (—aTw . 2T :
A B o PO

.?W“’& A few ctudeats A ian
kot—" Kue the ooty apo
/aﬂ/(&o\_ll.y/ G:FAF(.-Q——A'Q-\—V\ A Srele Of\
=2 o bue /A"'Pé/ﬁwa\ ﬂLLKW.,

(7 boaalty appliozd A 2peuds oun Worka)

b et— o ¢+— AA Wl

N




() \,\j-Q._LL down . v s g‘é"—"\‘—(ﬂ

Tew stuwdoats +rmy- +eofind

[p el o+ [4&l
LB‘Q—L—‘ b\/:x\,-»_g__ we t+— ﬁu‘,{"x 5444&9('%%1

S

C“l> T;L-m C‘
£7— (—4—&«&{*#): o
Z = 2 <ig ( K:—(l@,(_
= = *s qre- |
2-ciy C*‘L{:“E,)/ _Z_C'..L'S (%’EJ 2 <ci¢ (%—_j

- 7 I
(\) 7 Ako( _ — P —_ o -
(=

A ZC
L[Lfg (_—’“A;I_(T__J - 4&&2,_‘\1_) 4 LS L@T‘{ )’I:o

T&-—_;-———'—.”)/"‘«a.*‘2._.s (f‘-e—&\ MA lMé__[wK%P{_S

m (—ﬂ——,ﬁél—‘v «—%L_‘EE_}*_L,-,L\T -5

S \/('gll/\/ﬁ, |
C/ e R T G Rl e &=
lr—e)sie wom(8F =~ Tg

AL an
'_“’chﬂf-'\—l'r

lo— Z—T;l “ co—rﬁ;—\r—' — Cﬂ__,__;_’l;__
.(a;—) = vz |
\A,Q\"/a-’()/])tj/@ a"«.aL ’Q_«Q/MC,&__ [B";Q

I

mek, Co—wa try to “fudqe ! MMW@



Solutions X Covmments te (¢ (<) ), )

L—Q~+' S Y= +/2(-,\—-2_ S ""J/ the al4as

é} +l - (,—.e/c__’("’&wz/ec
Ath -
S - (_%ﬂ{—(,\<-get3/@.+5 X Wt

G B G
V 2—(&)

(= 1 -
NG o (e

- _ ________‘\___%. ‘IA (
S o= M(,ﬂ\/\__, -
e ¢

W
W = qu (\fL_u—__ \[T {_\/—LT_.J‘)
< tmwm @t
SHuvAcaunts ”Ef\.s +—a Shew 5, 444;\{

(wptfa{% +o 3,2_.-(-— /H"e‘f(k‘s‘-\_’_ Mfw .

af—
A—Kw@g*— a |\ ¥ He Stude ute Ao Wel(
v g P+

(

2

[/

3

e

C(.'\ T"Qﬁ ﬂ/\,_z,g'\-»\(ru\_, < 'l—t> JLIM,K "_l‘-‘p\
‘(le,{" lmg/ S, T, oi-d o te de

(\/Vo-?e,w( B—M weed te Shoyy

. _ \ N .
*v‘T VZ;O)C(T) <D§ Foyk £ f‘él ()

© &%(v«]gﬂ‘ﬁ WS S @




Solnttons & tmme s §la < G

f!’é)‘ T“eLQ__(W(‘M—Vﬂ(,(_ (,_0, 1 \< Al ed
jute w 60[/&@\ t)au---(—«; L aci, o
/
Widdnw £ = L

Le t+ the Siiw o—&/ .UA_M,.Q(,— V—Q&Fma/(ef be

C/ the M‘("-e,h;-,ec—(-a«a/las be C/a—,k

Hhe aregqg betweey the Curve $=f00
be A |
| s < A C

S = whFe) tecky co o (5]
= 4 r :
“LEEY ) e (]
e -

S 2o Wieh tHue o).
s n—> 00 tlo areq — (l% I
' o

. M&‘O&V‘e’ 2~
O] - s < o
N2 eOM TS Vil M
Lot =20 due —dn

/

< G




Solutiru s L Coinands o (‘k— (,C)‘f"C'[z)

P |
[CW\ S‘m :2_( Z-—u A

X I —
:l/cz (2_‘/;—!/2___ M't)M
xjf” W — M g/b:(l
T vT (st — 7
= 8‘/;_"3‘ §ev.wm+g

é:”@w,awjr s e ( )

Hm+ 2e 77, ﬁ-—a/-+b‘€~9+“‘u%*—~5

j:c\A L\.&‘Fb—»&m\\yg_ Q¢ W —00
e \ \ 4
mea — (22— fromabore

2 —r )
¢ l WMo K (¢ A educod Sl
é;&ihﬂwmﬁe;r/v'}" W e re—ue "M-ﬁrﬁ(*pk\&(yaa:?

’H&\\%'&‘W St AL Aan \\.J‘&a/tfo\.\.
o gHA %1——? (ém&) Ltég_g 'H’*MHQ

(w d@\u’a/ lu-l—,e/a/tml“ta;u (Ihgr Substitut ia




Question 15 SOLUTIONS

(a) FindJ x*Inx dx.

:1x51nx—1x1x5+C
5 5 5

=1x51nx— ! x> +C
5 25

Comment

This was generally done well.



Question 15 SOLUTIONS CONTINUED

(b) (i) Prove that a+b>2 ab fora,b>0.

2
Since( a- b) >0 then a+b—2 ab>0

sa+b>2 ab

ALTERNATIVE
LHS—-RHS=a+b-2 ab
2
:( a+ b)
>0
..LHS > RHS

Comment
This is the quickest way to do the problem without having any troublesome logic.

(i1) Hence, or otherwise, find the minimum value of the function
12x% sin? x +3 .
f(x)= ) over the domain 0< X< 7.

Xsin X

For 0 <X <z, sinx>0 and so xsinx>0
Minimum value = 12

Method 1:
12x%sin? x +3 .2 12x%sin” X x 3
X sin X h X sin X
2 36x*sin®
Xsin X
_ 12XsinX
Xsin X
=12
Method 2:
12x%sin® x +3 .
) =12Xsmx+
Xsin X Xsin X

>2 12XsinXx |
Xsin X

=2 36
=12

Comment
Many students could not see the link from part (i).



Question 15 SOLUTIONS CONTINUED

(©) AB and CD are perpendicular chords intersecting at X. 3
M is the midpoint of AD. MX produced intersects BC at N.
Show that MN is perpendicular to BC.

Construct MXN.

Construct circle AXD (Note: all triangles are concylic)
AD is a diameter of a circle through the vertices of AAXD (converse of angles in a semi-circle)

As M is the midpoint of AD, then M is the centre of circle AXD,
Let Z/MAX =« and ZMDX = f.

o+ f=90° (angle sum of AAXD)

MX =MD (radii of circle AXD)

s ZMXD = ZMDX = g (equal angles opposite equal sides)

5~ ZCXN =p (vertically opposite angles)

ZXCN = ZMAX =« (angles in same segment, circle ACB)
5 ZXCN + ZCXN = a + =90°

s ZCNX =90° (angle sum of AXCN)

~ MN L CB

Comment

Too many students are wasting time verifying that all the angles at X are right angles. It was written
that AB L CD.

Even allowing for legitimate abbreviations, students who wrote down abbreviations that did not make
sense were penalised.

Students not referring to the “converse of the angle in a semi-circle” were penalised a %2 mark, but
students who didn’t even both to give a legitimate reason lost 1 mark.



Question 15 SOLUTIONS

(CYRNCY

CONTINUED

Explain why there are only two distinct ways to paint the faces of a cube 1

such that three faces are red and three faces are blue. Rotations that result in
the same colouring pattern are not considered distinct colourings.

The two cases are when two red (or blue) sides are directly opposite or not.
Or consider when three faces meet at a common point or not.

)

Comment

1)

Given that this was a “Show that ...” question, there were many “manufactured” answers. These did

not score well.

(i1) Find the number of ways to paint the cube, if each face is painted in one of 3

two colours: red or blue.

The following cases exist: (i)

(i)

(iif)

(iv)

s Total=2+2+4+2=10

Comment

6R and 0B (6B and OR)

There is only 1 way for 6R.
So there are 2 cases where there is only 1 colour.

5Rand 1B (5B and 1R)

Pick any face and paint it blue.
- there is only 1 case for 5R and 1B.
So there are 2 cases for either 1B or 1R.

4R and 2B (4B and 2R)

Either the 2B are directly opposite or not.
So there are 4 cases for either 2B or 2R.

3R and 3B

From (i), there are 2 cases.

Generally the students who didn’t manufacture an answer in part (i), were successful here.



Question 15 SOLUTIONS CONTINUED

(e) The base of a solid is an equilateral triangle of side length 10 units.

Cross-sections perpendicular to the base and parallel to one side of the triangle

are trapeziums with the longer of the parallel sides in the base as shown.
The lengths of the two parallel sides of the trapezium are in the ratio 2: 3 and
the height of the trapezium is bounded by a plane inclined at 60° to the base.

By considering the volume of a typical slice shown, use integration to find

the volume of the solid.

y

P(X,y)

At a distance X units the base of the trapezium is b and the height h, where h =
The upper length of the trapezium is 2b.

The height of the base equilateral triangle is 5 3 units (Pythagoras’ Theorem).

X 0 53
X
b 0 10
b
By similarity, b= 10 X=
53
10

The volume of the slice

3X.

3X



Question 15 SOLUTIONS CONTINUED

(e) (continued)

The volume of the pyramid:

S
:%x125x3\/§

625\3
=—3 o

Comment

On the whole this was not done very well.

For those using the similarity approach, do NOT do a full similarity proof. Just give the relevant TLA.

The most common errors:

1. Getting the cross-section wrong in assuming the inclination of a side (non-parallel) of the
trapezium to the base being 60°.

2. Using the same pronumeral for the sides of the trapezium as well as for the variable of
integration and not making any adjustments i.e. calling the bottom 3X and the top 2X and then

integrating for X: 0 ~ 53 (or worse x: 0 ~ 10)

3. Integrating along the side of the equilateral triangle (base) i.e. X: 0 ~ 10
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